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[Wikipedia]

Definite integrals
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Star

Why do integrals arise?
.. for many reasons, but here are two examples of physical processes
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Black 
hole

"Please come to me"

"Please com
e to m

e"

fsun

fbh

MidJourney: {sun, black hole, red planet}, comic style on white background.

<latexit sha1_base64="oKbvTgda1FwsFSlCbiPfjGTwa+E=">AAACN3icbVDJSgNBEO2JW4xb1KOXxiDES5iR4HIQgl48RjALZEKo6fQkTXoWunsCcZhv8Tv8AK969uRNvfoH9iRRTGJBwePVq+05IWdSmearkVlaXlldy67nNja3tnfyu3t1GUSC0BoJeCCaDkjKmU9riilOm6Gg4DmcNpzBdVpvDKmQLPDv1CikbQ96PnMZAaWpTv7C9kD1HTeGpKiO8SW2XQEktkMQigFPfhFWCf7RDlNtJ18wS+Y48CKwpqCAplHt5D/sbkAij/qKcJCyZZmhasfpeMJpkrMjSUMgA+jRloY+eFS24/GLCT7STBe7gdDpKzxm/3bE4Ek58hytTI+U87WU/K/WipR73o6ZH0aK+mSyyI30uwFO/cJdJihRfKQBEMH0rZj0QXuktKszW9LZIdwHiXbGmvdhEdRPStZpqXxbLlSuph5l0QE6REVkoTNUQTeoimqIoAf0hJ7Ri/FovBnvxudEmjGmPftoJoyvb7PArdU=</latexit>

a(t) =
∂

∂t
v(t)

Acceleration is the time derivative of velocity

<latexit sha1_base64="9dcIGZDzv8vG5arvpfEdc6OfhOY="></latexit>

v(t) =
∂

∂t
x(t)

Velocity is the time derivative of position

Newton's 2nd law relates acceleration to forces:
<latexit sha1_base64="bGk3hGarqPlp02HjHkaWZxI5N9I="></latexit>

a(t) =
f(t)
m

=
fsun(t) + fbh(t)

m?
Mass of the planet

<latexit sha1_base64="bGk3hGarqPlp02HjHkaWZxI5N9I="></latexit>

a(t) =
f(t)
m

=
fsun(t) + fbh(t)

m
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Why do integrals arise?
.. for many reasons, but here are two examples of physical processes
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<latexit sha1_base64="oZixZQ5c5hEYtIeo3+x6qNB8Eig=">AAACCXicbVBLTsMwFHTKr5RfgSWbiAqpbKoEVcCygg3LItGP1EaV4zqtVccO9guiRD0BB2ALR2CH2HIKTsA1cNosaMtIlkYz7/mNxo840+A431ZuZXVtfSO/Wdja3tndK+4fNLWMFaENIrlUbR9rypmgDWDAaTtSFIc+py1/dJ36rQeqNJPiDsYR9UI8ECxgBIORvG6IYegHyeOkDKe9YsmpOFPYy8TNSAllqPeKP92+JHFIBRCOte64TgReghUwwumk0I01jTAZ4QHtGCpwSLWXTENP7BOj9O1AKvME2FP170aCQ63HoW8m05B60UvF/7xODMGllzARxUAFmR0KYm6DtNMG7D5TlAAfG4KJYiarTYZYYQKmp7kr6d8RfpIT04y72MMyaZ5V3PNK9bZaql1lHeXRETpGZeSiC1RDN6iOGoige/SCXtGb9Wy9Wx/W52w0Z2U7h2gO1tcvFMabVw==</latexit>

x(t)
Wanted: position as a function of time

<latexit sha1_base64="oKbvTgda1FwsFSlCbiPfjGTwa+E=">AAACN3icbVDJSgNBEO2JW4xb1KOXxiDES5iR4HIQgl48RjALZEKo6fQkTXoWunsCcZhv8Tv8AK969uRNvfoH9iRRTGJBwePVq+05IWdSmearkVlaXlldy67nNja3tnfyu3t1GUSC0BoJeCCaDkjKmU9riilOm6Gg4DmcNpzBdVpvDKmQLPDv1CikbQ96PnMZAaWpTv7C9kD1HTeGpKiO8SW2XQEktkMQigFPfhFWCf7RDlNtJ18wS+Y48CKwpqCAplHt5D/sbkAij/qKcJCyZZmhasfpeMJpkrMjSUMgA+jRloY+eFS24/GLCT7STBe7gdDpKzxm/3bE4Ek58hytTI+U87WU/K/WipR73o6ZH0aK+mSyyI30uwFO/cJdJihRfKQBEMH0rZj0QXuktKszW9LZIdwHiXbGmvdhEdRPStZpqXxbLlSuph5l0QE6REVkoTNUQTeoimqIoAf0hJ7Ri/FovBnvxudEmjGmPftoJoyvb7PArdU=</latexit>

a(t) =
∂

∂t
v(t)

Acceleration is the time derivative of velocity

<latexit sha1_base64="9dcIGZDzv8vG5arvpfEdc6OfhOY="></latexit>

v(t) =
∂

∂t
x(t)

Velocity is the time derivative of position

Newton's 2nd law relates acceleration to forces:
<latexit sha1_base64="bGk3hGarqPlp02HjHkaWZxI5N9I="></latexit>

a(t) =
f(t)
m

=
fsun(t) + fbh(t)

m
Mass of the planet

<latexit sha1_base64="3yhdfFHdZtF2z7jWEoFbTeNuMVw=">AAACM3icbZBNS8MwGMfT+TbnW9WjB4tD8DRaGepx6MXjBPcCWxlplm5haRKSVJilRz+NV/dhxJt49SMIplsVt/lA4M//ecvzCwQlSrvuq1VYWV1b3yhulra2d3b37P2DpuKxRLiBOOWyHUCFKWG4oYmmuC0khlFAcSsY3WT51gOWinB2r8cC+xEcMBISBLWxevZxlxGEQwlR0hVQagJp+qscnfbssltxp+EsCy8XZZBHvWd/dfscxRFmGlGoVMdzhfaTbCCiOC11Y4UFRCM4wB0jGYyw8pPpIalzapy+E3JpHtPO1P3bkcBIqXEUmMoI6qFazGXmf7lOrMMrPyFMxBozNFsUxuZA7mRUnD6RGGk6NgIiScxfHTSEhoo27Oa2ZLMFfORzlyQ/EDNe3iKdZdE8r3gXlepdtVy7zskVwRE4AWfAA5egBm5BHTQAAk/gGbyAiTWx3qx362NWWrDynkMwF9bnN19vrRw=</latexit>

∂/∂t

!

<latexit sha1_base64="3yhdfFHdZtF2z7jWEoFbTeNuMVw=">AAACM3icbZBNS8MwGMfT+TbnW9WjB4tD8DRaGepx6MXjBPcCWxlplm5haRKSVJilRz+NV/dhxJt49SMIplsVt/lA4M//ecvzCwQlSrvuq1VYWV1b3yhulra2d3b37P2DpuKxRLiBOOWyHUCFKWG4oYmmuC0khlFAcSsY3WT51gOWinB2r8cC+xEcMBISBLWxevZxlxGEQwlR0hVQagJp+qscnfbssltxp+EsCy8XZZBHvWd/dfscxRFmGlGoVMdzhfaTbCCiOC11Y4UFRCM4wB0jGYyw8pPpIalzapy+E3JpHtPO1P3bkcBIqXEUmMoI6qFazGXmf7lOrMMrPyFMxBozNFsUxuZA7mRUnD6RGGk6NgIiScxfHTSEhoo27Oa2ZLMFfORzlyQ/EDNe3iKdZdE8r3gXlepdtVy7zskVwRE4AWfAA5egBm5BHTQAAk/gGbyAiTWx3qx362NWWrDynkMwF9bnN19vrRw=</latexit>

∂/∂t

=

<latexit sha1_base64="xWIspAXxV6COXn2w2TllBfEZfOQ=">AAACI3icbVDLSsNAFJ3UV62PRl26CRbBVUlE1GXRjcsK9gFNKJPJpB06mYSZG6GGfIlb+zXuxI0LP0Vw0mZhWw8MHM59nTl+wpkC2/4yKhubW9s71d3a3v7BYd08Ou6qOJWEdkjMY9n3saKcCdoBBpz2E0lx5HPa8yf3Rb33TKVisXiCaUK9CI8ECxnBoKWhWXeZADfCMJZRFuQwNBt2057DWidOSRqoRHto/rhBTNKICiAcKzVw7AS8DEtghNO85qaKJphM8IgONBU4osrL5sZz61wrgRXGUj8B1lz9O5HhSKlp5OvOwqJarRXif7VBCuGtlzGRpEAFWRwKU25BbBUpWAGTlACfaoKJZNqrRcZYYgI6q6Urxe4Ev8RLP8kEIzTU7bnOy1lNZ510L5vOdfPq8arRuiuTq6JTdIYukINuUAs9oDbqIIJS9Ire0MyYGe/Gh/G5aK0Y5cwJWoLx/QvTWKYr</latexit>Z
dt

<latexit sha1_base64="xWIspAXxV6COXn2w2TllBfEZfOQ=">AAACI3icbVDLSsNAFJ3UV62PRl26CRbBVUlE1GXRjcsK9gFNKJPJpB06mYSZG6GGfIlb+zXuxI0LP0Vw0mZhWw8MHM59nTl+wpkC2/4yKhubW9s71d3a3v7BYd08Ou6qOJWEdkjMY9n3saKcCdoBBpz2E0lx5HPa8yf3Rb33TKVisXiCaUK9CI8ECxnBoKWhWXeZADfCMJZRFuQwNBt2057DWidOSRqoRHto/rhBTNKICiAcKzVw7AS8DEtghNO85qaKJphM8IgONBU4osrL5sZz61wrgRXGUj8B1lz9O5HhSKlp5OvOwqJarRXif7VBCuGtlzGRpEAFWRwKU25BbBUpWAGTlACfaoKJZNqrRcZYYgI6q6Urxe4Ev8RLP8kEIzTU7bnOy1lNZ510L5vOdfPq8arRuiuTq6JTdIYukINuUAs9oDbqIIJS9Ire0MyYGe/Gh/G5aK0Y5cwJWoLx/QvTWKYr</latexit>Z
dt

Physical equation models the 
evolution of the world as a time average. 

This average is not discrete but has infinite resolution, 
hence an integral must be used to simulate physics.
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Why do integrals arise?
.. for many reasons, but here are two examples of physical processes
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[Lake Geneva from Chillon Castle, Wikimedia commons]

MidJourney: all other images. (Too many prompts to list)

The light reflected by a point is a weighted average of the 
arriving light. This average has infinite resolution and 
must be computed using an integral.

Light(       ) =
<latexit sha1_base64="85X3ACXWSOoaRIYAuLbPXLsV6kE=">AAACGHicbVDLTgIxFO3gC/GFunTTSExckRlD1CXRjUuM8kiAkE7pQKXTTto7JjjhH9zK17gzbt35MSZ2YBYCnqTJyTn39t57/EhwA6777eTW1jc2t/LbhZ3dvf2D4uFRw6hYU1anSijd8olhgktWBw6CtSLNSOgL1vRHt6nffGbacCUfYRyxbkgGkgecErBSo8Ml9B56xZJbdmfAq8TLSAllqPWKP52+onHIJFBBjGl7bgTdhGjgVLBJoRMbFhE6IgPWtlSSkJluMtt2gs+s0seB0vZJwDP1b0dCQmPGoW8rQwJDs+yl4n9eO4bguptwGcXAJJ0PCmKBQeH0dNznmlEQY0sI1dzuiumQaELBBrQwJf07Ii9q4ZJEcsoCWz6xeXnL6aySxkXZuyxX7iul6k2WXB6doFN0jjx0haroDtVQHVH0hF7RG5o6U+fd+XA+56U5J+s5Rgtwvn4BIYuhnQ==</latexit>Z

S
Light(    ,   ) df(   ,   )

Describes properties 
of the material

https://commons.wikimedia.org/wiki/Lake_Geneva#/media/File:Lake_Geneva_from_Chillon_Castle.jpg
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Computing integrals to create images

Final pixel color
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Various types of materials and the effects they produce
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…

[Rendered image made using Mitsuba Renderer]



Dawn of the Planet of the Apes , © 2013 Twentieth Century Fox Film Corporation. All Rights Reserved. 
Image provided by Weta Digital.
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Today's topics
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• Why is integration harder than differentiation? 

• Approach 1: Quadrature 

- Riemann integration 

- Rules: midpoint, trapezoid, Simpson. 

- The curse of dimensionality 

• Approach 2: Monte Carlo 

- History 

- Computing integrals using random numbers 

- Importance sampling

Low 
dimensional 
integration

High 
dimensional 
integration
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Integration, MATH-101 style
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F(x) :=
Z

f (x)dx

1. Find antiderivative using “rules of the game”

(indefinite integral)

Z b

a
f (x)dx = F(b)� F(a)

2. Apply fundamental theorem of calculus

(definite integral)



RGL Realistic Graphics Lab

The rules of the game, aka. calculus
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Z b

a
u(x)v0(x) dx = [u(x)v(x)]ba �

Z b

a
u0(x)v(x)dx

= u(b)v(b)� u(a)v(a)�
Z b

a
u0(x)v(x) dx

Meta-rules: integration by parts:

Rules for specific functions:

Z 1
x

dx = ln |x|+ C

Z
xa dx =

xa+1

a + 1
+ C (for a 6= �1)

Z
eax dx =

1
a

eax + C
Z

sin x dx = � cos x + C
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Integration versus differentiation

12

Differentiation

Analytic & 
numerical 

approaches 
OK 
😊

Integration
Analytic 

approaches 
almost 

always fail 
😳

Numerical 
approaches 

OK 
😊
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Approximating integrals using Riemann sums

13
0 1

<latexit sha1_base64="sd7hBheXxHzUZR/ipE1ObBzCWak="></latexit>

Dx<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡



RGL Realistic Graphics Lab

Quadrature
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• High level idea: 

- Build an approximation of the original function (Riemann sum: piecewise constant) 

- Must be possible to create/fit this approximation from a function evaluations 

- Approximation must have an analytic integral. 

- Use integral of the approximation as approximation of the original analytic integral. 

• Two flavors: 

- Quadrature rule: applies to small part of the function 

- Composite quadrature: repeatedly applies the rule to integrate the entire function.
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Midpoint rule

15

Introduction Quadrature Newton-Cotes Accuracy More Quadrature Di↵erentiation

Midpoint Rule

Z
b

a

f (x) dx ⇡ (b� a)f

✓
a + b

2

◆

Open

x1

f(x1)

CS 205A: Mathematical Methods Numerical Integration and Di↵erentiation 14 / 35

f
✓

a + b
2

◆

[Figure by Justin Solomon]
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Composite midpoint rule
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Introduction Quadrature Newton-Cotes Accuracy More Quadrature Di↵erentiation

Composite Rules

Composite midpoint:

Z b

a
f(x) dx ⇡

kX

i=1

f

✓
xi+1 + xi

2

◆
�x

x
a b

f(x)

CS 205A: Mathematical Methods Numerical Integration and Di↵erentiation 17 / 35

[Figure by Justin Solomon]
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Introduction Quadrature Newton-Cotes Accuracy More Quadrature Di↵erentiation

Trapezoidal Rule

Z
b

a

f (x) dx ⇡ (b� a)
f (a) + f (b)

2

Closed

x1 x2

f(x2)

f(x1)

CS 205A: Mathematical Methods Numerical Integration and Di↵erentiation 15 / 35

Trapezoid rule

17[Figure by Justin Solomon]



RGL Realistic Graphics Lab

Composite trapezoid rule
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Introduction Quadrature Newton-Cotes Accuracy More Quadrature Di↵erentiation

Composite Rules

Composite trapezoid:

Z b

a
f(x) dx ⇡

kX

i=1

✓
f(xi) + f(xi+1)

2

◆
�x

= �x

✓
1

2
f(a) + f(x1) + · · ·+ f(xk�1) +

1

2
f(b)

◆

x
a b

f(x)

CS 205A: Mathematical Methods Numerical Integration and Di↵erentiation 18 / 35

[Figure by Justin Solomon]
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Simpson's rule

19

Introduction Quadrature Newton-Cotes Accuracy More Quadrature Di↵erentiation

Simpson’s Rule

Z b

a
f(x) dx ⇡ b� a

6

✓
f(a) + 4f

✓
a+ b

2

◆
+ f(b)

◆

Closed; from quadratic interpolation

x1 x3

f(x3)

f(x1)

x2

f(x2)

CS 205A: Mathematical Methods Numerical Integration and Di↵erentiation 16 / 35

[Figure by Justin Solomon]
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Composite Simpson's rule

20

Introduction Quadrature Newton-Cotes Accuracy More Quadrature Di↵erentiation

Composite Rules

Composite Simpson:

Z b

a

f(x) dx ⇡ �x

3

2

4f(a) + 2
n�2�1X

i=1

f(x2i) + 4
n/2X

i=1

f(x2i�1) + f(b)

3

5

=
�x

3
[f(a) + 4f(x1) + 2f(x2) + · · ·+ 4f(xn�1) + f(b)]

n must be odd!

x
a b

f(x)

CS 205A: Mathematical Methods Numerical Integration and Di↵erentiation 19 / 35[Figure by Justin Solomon]



Demo time
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Adaptive quadrature

22

# High-level idea
def integrate(f, a, b):
    i_t = trapezoid(f, a, b)
    i_s = simpson(f, a, b)

    if abs(i_s - i_t) > ε * abs(i_t):
        mid = (a + b) / 2
        return integrate(f, a, mid) + integrate(f, mid, b)
    else:
        return i_s

[Heath]
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Higher-dimensional quadrature

23

<latexit sha1_base64="Qq9HKxye7oW5cDcQwcTluIllh7E="></latexit>Z

X⇥Y⇥Z
f (x, y, z)d(x, y, z) =

Z

Z

✓Z

Y

✓Z

X
f (x, y, z)dx

◆
dy

◆
dz = . . .

Fubini’s theorem:
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The curse of dimensionality
Sampling a function on a regular grid becomes completely impractical in higher dimensions.

24

A 100-dimensional cube has
1267650600228229401496703205376 corners 

(!!!!)



Monte Carlo Integration
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History of the Monte Carlo method

26

• Developed in the 1940s in the context of 
the development of the atomic bomb 

• General & very easy to implement. 

• Uses randomness to simulate many possible 
realizations of a complex process 

• Very slow convergence
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The Manhattan Project

27

[Godiva device, Wikipedia commons]
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Human computers

28

Marchant desk calculator
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Stanisław Ulam’s hospital stay

29

Lose Win Win Lose

…

What’s the chance of winning with a properly shuffled deck? 
Stanisław Ulam

where
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Recap: Birthday Paradox
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You have already used a Monte Carlo method in CS328!
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Recap: Riemann sums & quadrature

31
0 1
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Monte Carlo integration

32
0 1

Random variable
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Does Monte Carlo integration work?

33

<latexit sha1_base64="nEZKP8LB+fXelQyHbbTHiDeC7ew="></latexit>

=
1
N

N

Â
i=1

Z

W
f (x)pXi (x)dx

<latexit sha1_base64="NblYw0CzMJHiwBd/0ncN/TCblGA="></latexit>

pXi ⌘ 1(Suppose that and volume of               )
<latexit sha1_base64="8fM0NqyNIsVWsi6aXbOXLFNGL14="></latexit>

?
<latexit sha1_base64="7rBx0vKh5JyLkP05jOU8X8fhoQE="></latexit>

Linearity of the 
expected value

Expectation over the  
continuous set      of  
possible outcomes 

<latexit sha1_base64="Yna9E0YD1w70ZZyrBre8k2oH/qk="></latexit>

Uniform distribution
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Characteristics

34Error

• Result obtained by averaging many samples 

• Central limit theorem says: the result 
will tend to a normal distribution. 

• Previous slide showed that the distribution 
is centered around the correct answer. 

• But: algorithm will give a random answer, 
so there is always some error. This can be 
characterized using the variance.
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How well does it work?

35

Independence and 
<latexit sha1_base64="+j3Y6Iq931gec8NixQDs7vyHP+M="></latexit>

Var

"
1
N

N

Â
i=1

f (Xi)

#
=

1
N

Var[ f (Xi)]

Assuming that the random variables Xi are independent:

However, we care about the standard deviation, which 
is the square root of the variance!

= constant

Error reduction 
proportional to

This means:
i.e. increase samples 4 x to 

reduce error by half!

Remarkable about this:

Dimension doesn’t influence 
the convergence rate!
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A word of caution

36

Monte Carlo is an extremely bad 
method. It should be used only 

when all alternative methods are 
worse.

- Alan Sokal

Rough guideline:  
1-3 dimensions: quadrature & adaptive quadrature 
4 dimensions+: Monte Carlo integration



Demo time
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How much error do we expect?

38

Var[ f (Xi)]How big is ?

<latexit sha1_base64="YYyZyvwq6sjXIUUna5FqFU915Gg="></latexit>

Error ⇡
r

1
N

Var[ f (Xi)]Error

Example 1 Example 2
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Importance sampling

390 1

<latexit sha1_base64="t7WtCNHXNR1mSSj6FApCnIjJ4tI="></latexit>

pXi (x)
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Derivation

40

Linearity of the 
expected value

Expectation over the  
continuous set       of  
possible outcomes 

<latexit sha1_base64="Yna9E0YD1w70ZZyrBre8k2oH/qk="></latexit>

<latexit sha1_base64="pBTCj1xWwdzelJeEmfHwo89BIyM="></latexit>

<latexit sha1_base64="qnhV6fzviRY8a7XezQtF/EUpyqA="></latexit>

<latexit sha1_base64="qnhV6fzviRY8a7XezQtF/EUpyqA="></latexit>

(Suppose that and  Volume of               )<latexit sha1_base64="8fM0NqyNIsVWsi6aXbOXLFNGL14="></latexit>

Uniform distribution

<latexit sha1_base64="v4+cYysTS64RwWgVOhyzCK+T1iM="></latexit>

<latexit sha1_base64="v4+cYysTS64RwWgVOhyzCK+T1iM="></latexit>

<latexit sha1_base64="/n0kFtm882rggTSMBK1Jw4Ng0Tg="></latexit><latexit sha1_base64="ycSY/uJCp088OcGmrs/tLOJmILg="></latexit>

≠
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Importance sampling

41

This is known as Importance Sampling. 
 
Requirement:  pX(x) > 0 for all x with f(x) ≠ 0.
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How to find the sampling distribution?

42

• Picking a good sampling distribution p is a crucial step to effectively use  
Monte Carlo methods. Ideally as close as possible to f. 

• The typical recipe is: 

- Start with uniformly distributed random numbers 

- Transform these random numbers by a sequence of mathematical operations, 
which changes their distribution. 

- Details depend on the application/integral. 

• CS440, my master-level course about graphics will teach you all about this.



Monte Carlo noise!!!

Monte Carlo methods in the film industry



Next lecture: 
Inverse Graphics 

(last lecture of the semester)


